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The exclusion statistics of quasiparticles is found at any level of the hierarchy of condensed states of
composite fermion excitations (for which experimental indications have recently been found). The
hierarchy of condensed states of excitations in boson Jain states is introduced and the statistics of
quasiparticles is found. The quantum Hall states of charged α-anyons (α – the exclusion statistics
parameter) can be described as incompressible states of (α+ 2p)-anyons (2p – an even number).
Recent fractional quantum Hall experiments by Pan et
al. [1] (described in [2]) indicate the presence of the new
odd-denominator hierachical states (other than Laugh-
lin and Jain states), also indications of even-denominator
hierarchical states [1,3] are found. If the results are con-
firmed they will bring a breaktrough in our knowledge
of the fractional quantum Hall effect. The hierarchy of
odd-denominator states in the fractional quantum Hall
effect was introduced by Haldane at early stages of the
quantum Hall theory [4] (short time after Laughlin pre-
sented his original approach [5]). Within years, how-
ever, the experiments supported only hierarchical states
given by the composite fermion approach. The compos-
ite fermion approach predicts the so-called Jain states
at filling fractions of the form ν = n02p0n0+β0 (where 2p0
– the Chern-Simons composite fermion parameter be-
ing an even number, n0 – the number of effective shells
filled, β0 – the sign of the effective field with respect to
the external magnetic field). The hierachical theory of
condensed states of composite fermion excitations was
also proposed (in a close analogy with the Haldane hier-
archy), but hierachical states were not numerically ver-
ified [6] (e. g. the 4/11 state – for which the strongest
evidence is found [1]). The experiment [1] opens the pos-
sibility for a realization of condensed states of composite
fermion excitations [7].
The anyon statistics parameters of quantum Hall
quasiparticles were determined by Halperin within the
Haldane hierarchy picture [8]. Here, we present the
analogous approach, however, the quasiparticle statis-
tics is determined within the generalized exclusion statis-
tics approach for condensed states of excitations in Jain
states on a sphere. In Laughlin and Jain fermion states
quasiparticles obey fractional statistics [8,9] with exclu-
sion statistics parameters defined earlier [10–14]. Let us
add that recently it was proposed that quantum Hall
quasiparticles obeying fractional statistics may serve as
a good tool for quantum computation [15] (called topo-
logical quantum computation [16]).
In this paper we will determine the statistics of
quasiparticles in hierarchical states using the composite
fermion approach (and folowing the construction of the
hierarchy of condensed states of composite fermion ex-
citations [7]). We make use of the generalized Haldane
exclusion statistics [17,18] (with the statistics parame-
ter α). The anyon statistics parameter of quantum Hall
quasiparticles is rederived as θ
pi
= α(mod 2) – see [18,19]
(θ is the phase change which appears in the wave func-
tion when two anyons are interchanged).
The generalized exclusion statistics for identical par-
ticles can be expressed in terms of the number of many-
particle states as [18]:
(k + (1 − α)(N − 1)
N
)
(1)
where k is the number of available single-particle states
and α is the statistics parameter, N – the number of
particles. So that, we are going to define the number
of many-particle states for quasiparticles in hierarchi-
cal states using the composite fermion approach for a
spherical system [20] (for excitations in Laughlin and
Jain states it was done in [10–14]). The quasiparticles in
even-denominator quantum Hall states are predicted to
obey nonabelian fractional statistics [6,21] and are not
considered here.
The composite fermion approach was extensively and
successfully tested in many numerical studies of quantum
Hall systems – i. e. of systems of electrons in a magnetic
field such that the lowest Landau level is partially filled
(see for example [6]). The numerical results are available
only for a small number of electrons (usually up to 12-14
electrons) and there are only data for a few quasiparticles
[7]. In fact, the 4/11 state is not predicted in numerical
studies for Coulomb interaction [6] (it is important to
1
add that the experiment [1] indicates that the observed
4/11 state is fully spin polarized).
The composite fermion hierarchy consists in the as-
sumption that quasiparticles (e. g. in Laughlin states)
can be treated in the same way as electrons (partially fill-
ing the lowest Landau level) are treated. So that, we can
use the composite fermion approach (well established for
electrons partially filling the lowest Landau level [6]) to
quasiparticles partially filling a shell (all predictions will
be the same as for electrons).
Let us introduce the hierarchy of condensed states of
composite fermion excitations (following [7]). The hier-
archy fractions is defined by the set of equations:
ν−10 = 2p0 +
β0
n0 + ν1
(2)
where ν1 is the fraction in which the next (n0 + 1)-th
effective shell is filled. The procedure (2) can be repeated
on ν1, and so on, to find the final odd-denominator filling
fraction:
ν−10 = 2p0 +
β0
n0 + ... +
1
2pk+
βk
nk
. (3)
The hierarchy of even denominator fractions is found
when βk = 0 at any step of the hierarchy [3]. The quan-
tum Hall states at those fractions would be related to
Pfaffian states of quasiparticles (see for example [21,6]).
Still, in order to define the Pfaffian states one needs the
statistics of quasiparticles.
In the case of a spherical system the composite fermion
effective field is given by [6]:
2S∗ = β0(2S − 2p0(Ne − 1)) (4)
where 2S is the number of flux quanta piercing the
sphere, Ne – the number of electrons, 2S
∗ – the effec-
tive composite fermion field, β0 is the sign of the effec-
tive field with respect to 2S. One has also the relations:
2Sqe(0) = 2S
∗ + 2n0, 2S
∗n0 + n
2
0 = Ne −Nqe(0) (if only
quasielectrons are present).
The number of many-particle states (at any step of the
hierarchy) is given by:(
2Sqe + 1
Nqe
)
. (5)
One can also perform the composite fermion transforma-
tion for this effective shell
2S∗qe = βqe(2Sqe − 2pqe(Nqe − 1)) , (6)
βqe is the sign of the effective quasiparticle shell (with
respect to 2Sqe).
Let us first find the statistics parameters of quasipar-
ticles in Jain states [12,13], and we will determine the
statistics of quasiparticles in the next step of the hierar-
chy. Using the definition (1) one can write
2Sqe(0) = (1 − αqe(0))Nqe(0) +A(2S, n0, 2p0, β0) (7)
where A is a function of 2S, n0, 2p0, β0 [12,13]:
A = β02S + β02p0 + 2n0 − β02p0
β0n0(2S + 2p0) + n
2
0
1 + 2p0β0n0
,
and 1 − αqe(0) =
−β02p0
1+2p0β0n0
(as was found in [12,13]).
One gets next
2S∗qe(0) = β1(2Sqe(0) − 2p1(Nqe(0) − 1)) , (8)
and 2Sqe(1) = 2S
∗
qe(0) + 2n1 . The number of many
particle states for Nqe(1) is given by
(2Sqe(1)+1
Nqe(1)
)
. We
need also the relation (if only quasielectrons are present):
Nqe(0) − Nqe(1) = 2S
∗
qe(0)n1 + n
2
1, (or if only quasiholes
are present) Nqe(0)+Nqh(1) = 2S
∗
qe(0)n1+n
2
1 . Note that
here we perform the composite fermion transformation
only on quasielectrons (not on quasiholes – we use the
β = −1 effective field instead [3]). The final result is:
1
1− αqe(1)
=
1
β1(1− αqe(0) − 2p1)
− n1 =
1
αqh(1) − 1
(9)
We can also write the general relation (for quasiparticles
at the k-step of the hierachy):
1
1− αqe(k)
=
1
βk(1− αqe(k−1) − 2pk)
− nk , (10)
and αqh(k) − 1 = 1 − αqe(k). One can notice that the
statistics of composite fermion excitations in Jain states
can be found by putting αqe(−1) = 1 (simply because
electrons are fermions). It can be rewritten as αqe(0) =
1 + β02p01+β0n02p0 and for quasiholes in Jain states αqh(0) =
1− β02p01+β0n02p0 in agreement with previous results [12,13].
We can define the statistics parameter at any level of
the hierarchy by the set of equations
1
1− αqe(0)
=
1
−β02p0
− n0
1
1− αqe(1)
=
1
β1(1 − αqe(0) − 2p1)
− n1
1
1− αqe(2)
=
1
β2(1 − αqe(1) − 2p2)
− n2
2
...
1
1− αqe(k)
=
1
βk(1− αqe(k−1) − 2pk)
− nk (11)
and 1− αqe(k) = αqh(k) − 1.
The Haldane hierachy corresponds to the choice nk =
1 at every step of the hierarchy (3) [7], then one can find
the result (which is analogous to the Eq. (4) of Ref. [8]):
βk
αqh(k)
= (2pk + 1 + βk)− αqh(k−1) . (12)
Note again that we use the β = −1 effective field in-
stead of considering condensed states of quasiholes. One
can easily notice that the denominator in αqh(k−1) is the
numerator in αqh(k) (for the Haldane hierarchy). The
Jain sequence within the Haldane hierarchy is found for
pk = 0 and nk = 1, βk = 1, at any step.
Let us consider the second order of the hierarchy. For
the 4/11 state (p0 = 1, n0 = 1, β0 = 1, p1 = 1, n1 = 1,
β1 = 1) one finds αqh(1)(ν = 4/11) =
3
11 and αqe(1)(ν =
4/11) = 2− 311 . For several other fractions the statistics
parameters are given in Table I. One can observe that
(in agreement with results of Halperin [8]) αqh(k) = p/q
where p is the denominator of the parent state and q is
the denominator of the daughter state. For ν0 = 5/13
the parent state (in the spirit of the Haldane hierarchy)
is the 2/5 state (to get it one can put n1 = 1 in the
second row of Table I), for ν0 = 5/17 the parent state is
the 2/7 state (n1 = 1). The 31/65 state is the daughter
state of the Jain 10/21 state [1].
Since we perform the composite fermion transforma-
tion only on quasielectrons the 4/13 state is found with
p0 = 2 and β0 = −1 (n0 = 1) for the Laughlin 1/3
state. One can also put p0 = 1, β0 = 1, n0 = 1, to
get the Laughlin 1/3 state within the composite fermion
approach. The excitations above the 1/3 state can also
be described in two ways (both descriptions can be to
some extent verified numerically – see for example [22]).
For example the 2/7 state can be seen as the 1/3 state
of quasiholes (within the p0 = 1 description) or, with
p0 = 2, it is the Jain state (first order of the hierachy,
or ν1 = 1 – quasielectrons completely fill the shell 2Sqe).
It is apparent that numbers of many-particle states for
quasiparticles in the two descriptions differ [22]. The
lowest energy states within the p0 = 1 description can
be seen as states of quasielectrons within the p0 = 2
description [22]. Specifically at ν0 = 2/7 one gets the
single many-particle state of (p0 = 2) quasielectrons (the
ground state) and
(3(Nqh(0)−1)+1
Nqh(0)
)
many-particle states of
(p0 = 1) quasiholes. Of course, when one would perform
the composite fermion transformation on those quasi-
holes one would find the single-many particle state (the
ground state at ν0 = 2/7). We argue then that dif-
ferent descriptions of excited states are related through
the composite fermion transformation. Quasiparticles
within different descriptions are related by (we consider
quasiholes (pk = p) and corresponding quasielectrons
(pk = p+ 1)):
α
(pk=p+1,βk=−1,nk=1)
qe(k) − α
(pk=p,βk=1,nk=1)
qh(k) = 2
which exactly corresponds to the composite fermion
transformation on quasiparticles. For example Laughlin
quasiholes (p0 = 1, αqh(0) = 1/3) correspond to quasi-
electrons with p0 = 2 and αqe(0) = 7/3. The anyon
statistics parameter within different descriptions equals
θ/pi = α(mod 2). In general the composite fermion
transformation on quasiparticles (α-anyons) would give
”superanyons” of statistics α+2p (2p is an even number).
This corresponds to the description of the system of elec-
trons in terms of composite fermions [18,19,13] (called
”superelectrons” by Wu [18]).
There is a growing interest in studies of quantum Hall
boson systems (expected to be found in rotating Bose
gases [24]). Below we define the hierarchical states in
boson quantum Hall systems for which ν−1F =ν
−1
B +1 (νF
is the filling fraction for fermions, νB – the corresponding
filling fraction for bosons [25]). We do not consider here
the Pfaffian boson states [24] (or Read and Reazyi states
[21,24]). Within the above approach we only have to
change 2p0 into 2p0−1 and other relations in (11) remain
the same. For the Jain boson states one finds:
1
1− αqe(0)
=
1
β0(1− 2p0)
− n0 =
1
αqh(0) − 1
. (13)
For example at νB =
1
2 , αqe(0)(νB =
1
2 ) =
3
2 , αqh(0)(νB =
1
2 ) =
1
2 . For the hierarchical state (the condensed state of
excitations in the Laughlin boson state νB = 1/2) νB =
4/7 (corresponding to the νF = 4/11 fermion state) one
gets αqh(1)(νB = 4/7) =
2
7 . For several other hierachical
boson fractions the statistics of quasiparticles is given
in Table II. The parent state for the boson fillings 4/7,
6/11, 4/9 (in the spirit of the Haldane hierarchy) is the
Laughlin 1/2 boson state. The parent states for 5/8 and
5/12 are 2/3 and 2/5, respectively. For νB = 31/34 the
parent state is νB = 10/11.
We want to underline that the relation (10) sat-
isfies the symmetry QE(2p0, β0, n0, ..., 2pk, βk, nk)−
QH(2p0, β0, n0, ..., 2pk, βk, nk + 1) (all parameters in
parentheses are the same except for nk, for bosons
2p0 −→ (2p0 − 1)):
3
αqe(nk) = α
−1
qh (nk + 1) . (14)
which is the result of the particle-hole conjugation
(quasielectrons and quasiholes are in the same effective
shell) – this corresponds to the duality described by
Nayak and Wilczek [23,13]. The Eq. (14) is identical
with the Eq. (12) for pk = 0 and βk = 1. Also the equa-
tion (14) is valid for the special case when nk = 0. For
k = 0 one finds αqe(n0 = 0) = 2p0 + 1 (β0 = 1) – the
exclusion statistics of composite fermions [18,19]. For
k > 0 one finds ”superanyons” – for example quasielec-
trons conjugated to quasiholes with the exclusion statis-
tics parameters given in Tables (the last column). At
filling fractions given in the first column of the Tables
these ”superanyons” fill a single effective shell (they form
incompressible states).
In conclusion, we found the exclusion statistics param-
eter α for quasiparticles in odd-denominator hierarchical
condensed states of composite fermion excitations on a
sphere. The statistics parameters for quasiparticles in
the hierarchy of condensed states of excitations in Jain
boson states are also found. The statistics parameters α
obey quasiparticle – quasihole symmetry (when they are
in the same effective shell). The anyon statisics parame-
ter for quasiparticles is obtained as θ
pi
= α(mod 2). The
quantum Hall states of charged anyons of the exclusion
statistics parameter α can be described as incompressible
states of (α+ 2p)-anyons.
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νF0 p0 n0 β0 αqe(0) p1 n1 β1 αqh(1)
4/11 1 1 1 5/3 1 1 1 3/11
5/13 1 1 1 5/3 1 2 −1 5/13
6/17 1 1 1 5/3 2 1 1 3/17
4/13 2 1 −1 7/3 1 1 1 3/13
5/17 2 1 −1 7/3 1 2 −1 7/17
31/65 1 10 1 23/21 1 1 1 21/65
TABLE I. The exclusion statistics parameters for several
filling fractions for fermion quantum Hall systems.
νB0 2p0 − 1 n0 β0 αqe(0) p1 n1 β1 αqh(1)
4/7 1 1 1 3/2 1 1 1 2/7
5/8 1 1 1 3/2 1 2 −1 3/8
6/11 1 1 1 3/2 2 1 1 2/11
4/9 3 1 −1 5/2 1 1 1 2/9
5/12 3 1 −1 5/2 1 2 −1 5/12
31/34 1 10 1 12/11 1 1 1 11/34
TABLE II. The exclusion statistics parameters for several
filling fractions for boson quantum Hall systems.
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